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Abstract. The main object of the present paper is to derive a unification (and generalization) of
certain interesting formulae from Barton (1983 Proc. R Soc. A 388 445-56) and Bushell (1987
Math. Proc. Cambridge Phil. Soc. 101 1-5) associated with the complete elliptic integrals of the
first and second kind. Relevant connections between the results presented here with those given
earlier by other workers on the subject are also pointed ont. Various families of generalized
elliptic integrals, and indeed also definite integrals of such families with respect to their modulus,
are known to arise (among other places} in the studies of crystallographic minimal surfaces (cf,
e.g., Cvijovié and Klinowski (1994 Proc. R. Sec. A 444 525-32)) and in the theory of scattering
of accoustic or electromagnetic waves by means of an elliptic disk (¢f Bjérkberg and Kristensson
(1987 Can. J. Phys. 65 723-34)).

1. Introduaction

In the usual notation, let K (k) and E (k) denote, respectively, the complete elliptic integrals
of the first and second kind with modufus k (cf, e.g., Byrd and Friedman 1971). Also, for
convenience, let « := /1 — k2 denote the complementary modulus instead of k'.

By evaluating the first term in a certain Born series in two different ways and comparing
the resulting expressions, Barton (1983) found the integral formula:

’ rdu+H)°
RGOk =2 ) 22T e ~1). 1.1
ﬁ ®) 4{r@u+n} (> ~1) .

Subsequently, while addressing Barton’s problem of finding a direct proof of his formula
(1.1), Bushell (1987) not only proved Barton’s formula (1.1) directly, but also derived a
number of additional results analogous to (1.1), thereby extending several known integral
formulae recorded, for example, by Byrd and Friedman (1971} (p 274) (see also Miiller 1926,
Kaplan 1950). Furthermore, Bushell (1987) {p 2, equation (2.2}) gave a generalization of
Barton’s integral formula (1.1) in the form;

7 TG+ P + 30+ 3)
ATGu+ DIy +iu+1)

1
f KH(x, y)dk = (w>-1) (1.2)
0

where
1
H(k, ) :=f (1= ) 51—k~ 3 de (¥ = 0) (1.3)
1]
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so that, obviously,
Hik, () = K ) and H(k, 1) = E(&). (1.4)

Making use of (1.2), Bushell (1987) (section 4) proved a general theorem which he
applied to deduce numerous further results including, for example, an interesting integral
formula associated with the generalized hypergeometric function , F, (cf, e.g., Erdélyi et al
(1953, ch 4); see also Srivastava and Karlsson (1985) (p 19 et seq). We choose to recall
this general integral formuia of Bushell (1987) (p 5. corollary) in the following corrected
form:

1
Uy ena, iy, .2 N
F, ”k:IH YRV dR =
./O‘p q[ﬁl"--vﬁq; (K y)

2Dy + DLy +3v+ 1)
4 T(dv+ DTy + Lv+ 1)
1 1 3 1
Yy eaaylp, —l)-]-—, y—'—-—v,..l..,.,;
X F, (4 2 2 2 20
P2 q+2[,81,...,ﬁq, %u-{-l, )f+%v+1; ]

which holds true for suitably restricted values of the various parameters involved.
Yet another integral formula analogous to (1.2), also proved by Bushell (1987), may be
recalled here as follows (cf Bushell (1987) p 3, equation (2.5)):

™ P-v o dutg g ]
v a— 1 .
il I £ 49

(1.3)

1
f kFHE, y)dk =
0

or, equivalently,

t INE Iy 1 1 I 1_ 1L,
f WKy k= (%n-%z) (”"'3)31:2[2’ Vg gk 1] n
0 4TGr+ DI +3) Y3 L;
and {cf Bushell (1987, p 3, equation (2.6)))
1 L_1 .
f k“H(k.y)dk=M3Fz[y+l' 2 2{:» :}, 1] (1.8)
0 2(y + 35} Yoo

it being understood, in each case, that u > —I (and, by definition, ¥ = 0).
The integral formulae (1.7) and (1.8) would result from (1.6) upon iteratively applying
the familiar transformation (cf, e.g., Hardy (1923} (p 499, equation (6.1}):

F %ﬁYﬁ]_F@WG+E—d-ﬁ—?)F[é—msmﬁ.ml
2 b | T Te-pTB+e—a—p 2 28 s+e—a—p;

(Re(6+e—a—F—y)>0; Re(¢ —y) > 0). (1.9)

Motivated by the usefulness of each of the above integral formulae, as demonstrated
by (among others) Barton (1983) and Bushell (I1987), we aim here at proving a general
theorem which cnifies as well as extends all of these integral formulae, We also indicate
the relevant connections between the results presented here with those given earlier by other
workers on the subject.

It should be remarked in passing that an excellent source of simpler cases of integral
formulae of the types considered here happens to be the recent work by Prudnikov et
al (1990) in which most (if not all) of the classical results on the subject can be found.
More importantly, various interesting families of generalized elliptic integrals, and indeed
also definite integrals of such families with respect to their modulus, are known to arise
naturally in a number of seemingly diverse physical contexts; for instance, in the studies
of crystallographic minimal surfaces (cf, e.g., Cvijovié and Klinowski 1994) and in the
theary of scattering of accoustic or electromagnetic waves by means of an elliptic disk (cf
Bjorkberg and Kristensson 1987).
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2. A general theorem

First of all, we note that (since |k| < 1) definition (1.3) would remain valid even when
the parameter ¥ is unrestricted, in general. Thus, when ¥ € R (or, more generally, when
y € ), it is easily seen from (1.3) that

E(k
A -1y = £ (x =v1-2) @1
K

since (Bushell 1987, p 2, equation (2.4))

Hk,p)=in:RG. I —vi LD (k] < 1) (22)
or, equivalently,

Hk,y)=4n(1 -k 2 RG vy + 5 L6 (k<D 23)
where we have used Euler’s transformation (Erdélyi et al 1953, p 64):

2Fi(a, bic;z) = (1= 2% 2 Fic—a,c—b;c17)
(larg(1 —2)} < mr; ¢#£0,-1,-2,...). 24)

In fact, if we make use of the explicit representation (2.3), we can easily obtain the following
(hitherto unnoticed) equivalent form of the integral formulae (1.6), (1.7) and (1.8):

! ru+hr 1 1 L, 1 1
0 Fy+s0+3) y+3p+35 1
w>-1 y> -1 (2.5)

which would also result from (for example) (1.6) when we apply transformation (1.9)
with an obviously different choice for the parameters e, 8, ¥, § and ¢ involved in (1.6).
Furthermore, Bushell’s generalization {1.2) of several results inchuding Barton’s integral
(1.1) can be proven directly by using the explicit representation (2.2) or (2.3) in conjunction
with Gauss’s summation theorem (Erdélyi et al 1953, p 104):

MNMol(c—a—b)

2Fi(a, biei 1) = T{c—a)l(c — b}

Re(c—a—~5b)>0; c#0,~1,-2,...). (2.6)

Our unification (and generalization) of each of the aforementioned integral formulae
(considered, for example, by Barton (1983), Busheli (1987), and others) is contained in the
following theorem.

Theorem. If
(D) =Y at” (2l <1) @7
n=0 )

and

Qn

< 00 (Re(o) > ~2) (2.8)
n1+iﬂ'

5
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then

©  Tp+n+1) .
; THototntm ™

1 | 1

& — fo 41, 5
F. 7~ ¥ 30 Y24 ,2 - — %2 g
3 2[%(p+0+n+3), 1;‘:] (" V1 ") @9

provided further that Re(p) > —1 and

1
f kP D(zk) H Lk, y) dk = %r(%a +1)
0

] < 1(or|£] =1 and Re(p + 2y) > —1).

Proaf. Our proof of assertion (2.9) is based upon the following consequence of the explicit
representation {2.2):

1 rido+ Dl 1 I L _ L .
f kaGH(glc, y)dk — £ (zp[ 2) (20 + ) F |:2:l 2 Y.. 26 + 1: gz}
0 4 Tlze+0+3 ie+ao+3), L

(Re(p) > —1; Re(o) > —2; |Z| <1 (or|z| =1and Re(p+2y) > -1))
(2.10)
which, for p = i, 0 = 0, and ¢ = 1, would reduce to Bushell's formula (1.2) in view
of the Gauss summation theorem (2.6). As a matter of fact, by applying a known analytic

continuation formula for the Gauss hypergeometric function (Erdlyi et al 1953, p 108,
equation 2.10(1)), it is easily seen from (2.10} (with ¢ = 0} that

1 n TEp+ )T + 30+ 1)
kPH(k,p)dk = = —2—2 2R -l -y g1t
VETGe+ DTy = 30—}
4 TG -v)
X 2Fi(3o+Ly+ip+Ly+io+di1—¢%

Re(p) > =1; |arg(1 =Dl <75 y+ o+ #0,£1,£2,..)  (211)

(1— cZ)}'+{e (p+1)

which, for p = u and ¢? — 1, reduces immediately to Barton’s formula (1.2), it being
understood that

u> =1 {and y = 0).

If we substitute for ®(zk) from (2.7} into the integrand in (2.9), and use term-by-term
integration by means of the integral formula (2.10), we shall be led formally to the right-
hand side of the assertion (2.9). The formal term-by-term integration can be justified by the
theorem on dominated convergence under the various conditions stated above, since

1, ~ a1 (n— o0 s eNg:=1{0,1,2,...0) (2.12)

where u, denotes the coefficient of z" in the series on the right-hand side of (2.9). This
evidently completes the proof of the theorem. O
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Remark 1. In the special case when ¢ = 0, the Clausenian hypergeometric function 3 F>
occurring on the right-hand side of (2.9) would reduce at once o the Gauss hypergeometric
function 5 F; which, for £ = 1, can be summed by means of (2.6), and we thus obtain

[} (P+n+1)lf'[}'+2(,0+n+1)] n
il (p+n)+1]l"[y+2(p+n)+l]

f kPP (zk)H (k, y) dk = — Z (2.13)

which holds true under the conditions that are derivable easily from those of the parent
formula (2.9). A further special case of (2.13) when p = 0 and z = 1 happens to be the
main theorem in Bushell’s paper (1987, p 3, equation (4.1)).

Remark 2. 1In terms of the generalized hypergeometric function ,Fy, it is not difficult to
deduce from our assertion (2.9) that

1

20 .20 Dy v eealipy g2

j(;k K qu[ﬁl,....ﬁq zk]H(;‘!c y)dk
_ AT+ DIE) - T(B) & Tlet+n+ T +n).- Ty +n)

4  T@) Tl ‘ZGTet+o+n+HIB +a)---TB+n)

1 1. n
% 3F2|: =V, o+1, 2,':2]3_ (K :=~/1—k2) (2.14)

p+a+n—1—%, 1; n!

which is valid for suitably restricted values of the various parameters and variables involved.
In view of the Gauss summation theorem (2.6), a further special case of our integral formula
(2.14) when

]
b=
=

=0 z=r=1 and P
would lead us to Bushell’s result (1.5).

Remark 3. Each of the integral formulae (2.9), (2.10), (2.11) and (2.14) can be rewritten
in an alternative form by the following simple change of vartables:

k
b — 142 and dk—>-—;dk.

For example, (2.9) thus becomes

o1, p=1 k, dk=—1" 1 "
K eP™ @ (ze)H Tk, ¥) (3o + );P[%(p+a+n+3)]az

b L 1.
% 3Fa |:l 3=V, 30+ 1, 3; ‘;.z:l (K = 1 __kz) (2.15)

slo+o+n+3), |

f . THe+n+1)] .
0

which holds true under the same hypotheses as those of the above theorem. This last formula
(2.15) and its consequences, analogously to (2.10), (2.11) and (2.14), would generalize a
number of integrals belonging to the family represented by (1.6), (1.7}, (1.8} and (2.5). For
example, (2.15) with

p=1 o=p—1 z=0 and t=1

immediately yields the integral formula (1.6).
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3. Connections with other elliptic integrals

Motivated by their importance or potential for applications in radiation physics, several
recent works were devoted exclusively to the study of various interesting generalizations of
the complete elliptic integrals XK(k) and E(k). For example, Epstein and Hubbell (1963)
(and, subsequently, Weiss {1964)) studied the following family of elliptic integrals:

Fia
Q; (k) ;=f0 (1 — k2cos8) "1 dg (JeNy 0k <) (3.1)

which were encountered in a Legendre polynomial expansion method when applied to certain
problems involving computation of the radiation field off-axis from a uniform circular disk
radiating according to an arbitrary distribution law and which were further extended by
Kalla and Al-Saqabi (1991) to allow the parameter j to take on complex values. In fact,
we have

o
=

p 2 2
m(k)=%1{(w) and 9:(k>=,c(‘f—“_fk2)E(w) (“’2 W)

(3.2)

More interestingly, by setting

¥ cos0
¢ = cos(L6) =1!-"",:l

it is easily seen from the definition (1.3) that

L 7 2 r—i
Hk,y =%(1-%k2)v-=./; (1-2_k2cose) e

which leads us to the following relationship between H(k, y) and 2,(k) (1 € C):

2 — kHr-i k
Hk,y)= ( 2y+)% Q_, (m) (k% < 1; y arbitrary). 3.3)

If, in Bushell’s definition {1.3), we set f = sin¢, we immediately obtain
w2

Hk,v) =f (1 —Ksin ¢y~ do k<1 y20). (3.4)

0
Comparing (3.4) with Das’s definition (1987, p 77, equation (7.1)):

T2

H, (k) = f (1 — kZsin® @) dp ()% < 1; v arbitrary) (3.5)

0

so that, obviously,

H_ (k) =K and Hi(k) = E(k) k* < 1) (3.6)
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we get the relationship:
Hk,y) = H,_1 (k) (k* < 1; y arbitrary). (3.7

Making use of the relationships (3.3) and (3.7), each of the integral formulae involving
H(k,y) can be rewritten at once as an integral involving §_, (k/~/2 — k%) or H, _1(k)
Thus, for example, our assertions (2.9) and (2.15) yield the following alternative forms:

]pa 2 3 —p-i ;-K
fkfc(z—g'x)"id)(zk)ﬂﬂ — Y d
0

- ;2,(2

JTP(20+1)Z I'[3e+n+1)] o |: p+i, lo+1, 2’;‘j|
241 STl totntd Yototntd), I

(x = 1= kz) (3.8)

and

;
f ko+!xp—l(2_§2k2)—u—%¢(zx) Qu( Ck ) ak
0

2 — L2
Flo+ 1) & TIi 1 1
_T (zcra+ )Z 1[2(.10+n-i- )] 52 [ w+i, o+, 2,;]
ets Tz to+nr+3))

s(o+o+n+3), L
(x = /1= kz) (3.9)

respectively, each of which would hold true under the same hypotheses as those of the
above theorem with, of course, y = — .
A special case of this last integral formula (3.9) when

oc-—0c—1 p=2r+1 z=0 and E=1

happens to be the mair integral formula of Kalla and Al-Saqabi (1991, p 511, equation (18)).
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